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Within a conventional Hamiltonian description, we find accurate closed-form expressions for the
oscillation probabilities of three coupled neutrinos propagating in matter. Subtle cancelations that
occur in coefficients of our formulation are avoided for all transitions νa → νb by transforming to a
different set of coefficients presented in an appendix of this paper. The neutrino mass eigenvalues
are easily obtained numerically as the solution of a cubic equation. Our methods are illustrated
for flavor-changing transitions in the (νe, νµ) sector. The resulting analytic expressions oscillation
probabilities, which are particularly simple, are also accurate to a few percent over all regions of
interest at present and the envisioned future neutrino facilities. While somewhat less accurate than
numerical simulations, our approximate expressions are sufficiently accuracy to obviate the need for
exact computer simulations in many circumstances.
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I. INTRODUCTION
In this paper, we develop methods leading to ap-
proximate analytical expressions for the oscillation
probability from the exact, closed-form results in
Ref. [1]. These results are based on a conventional
Hamiltonian and the Standard Neutrino Model [2]
and lead to expressions for the oscillation probabil-
ity for all transitions νa → νb.
We include the interaction of neutrinos with elec-
trons shown to be essential by Wolfenstein in 1978 [3]
and later identified by Mikheyev and Smirnov [4] as
a likely explanation of the deficit of solar neutrinos
discovered experimentally by Davis [5, 6].
Subsequent to the work of Wolfenstein, neutrino
oscillations in matter have been commonly explored
using exact computer simulations. These methods
have advantages for density profiles having a spatial
dependence, are discussed in Ref. [7] and references
therein.
Comparisons of Ref. [1] to currently available an-
alytical results [8–10] are found in Ref. [11], where
it is established that these results [8–10] are reliable
over rather narrow regions of energy, density, and
baseline. Expressions found here do not suffer from
these limitations.
In the present paper we use the published formu-
lation of Ref. [1]. Because we rely heavily on all
results found in Ref. [11], the reader will find many
of the important results of the unpublished Ref [11]
repeated here.
Our formulation [1] is introduced in Sect. II with
details relegated to appendices. The oscillation
probability simplifies in part because many of the
terms appearing in the exact coefficients w
(ab)
i,p of our
approach [1] are quite small [O(αn), n ≥ 3] and can
therefore be eliminated.
The expressions we find for the oscillation proba-
bilities are built on coefficients w
(ab)
i,p−
that are devoid
of subtle cancelations occurring in the coefficients
w
(ab)
i,p of Ref. [1]. The nature of these cancelations
is discussed in Sect. III, and their source is iden-
tified in Sect. III B. The cancellations are avoided
by making a transformation that leaves the partial
oscillation probabilities invariant. The resulting co-
efficients w
(ab)
i,p−
are essential for obtaining simple ex-
pressions for the observable oscillation probabilities
accurate to O(α2) [about 1%]. The coefficients w
(ab)
i,p−
are tabulated in Appendix C of the present paper for
all transitions νa → νb.
Observable oscillation probabilities accurate to
O(α2) are easily found using w
(ab)
i,p−
and eigenvalues
obtained by numerically by solving a cubic equa-
tion. However, the emphasis of this paper is on de-
veloping methods for obtaining simple and accurate
analytical expressions for the oscillation probabili-
ties. These methods are based on the same coeffi-
cients w
(ab)
i,p−
.
Application of these methods is illustrated for
flavor-changing transitions in the (νe, νµ) sector.
The oscillation probabilities so obtained are accu-
2rate to a few percent over all regions of interest
at present and envisioned future neutrino facilities.
While somewhat less accurate than numerical simu-
lations, our approximate expressions are sufficiently
accurate to obviate the need for exact computer sim-
ulations in many circumstances.
Our results rely on neutrino mass eigenvalues eval-
uated using first-order perturbation theory in one
of the small parameters ξ = (α, sin2 θ13) of the
SNM. Within the solar resonance region, the sim-
plest expressions accurate to O(α2) are based on
the sin2 θ13-expanded eigenvalues. Above the solar
resonance region they are based on the α-expanded
eigenvalues.
The procedure for obtaining the simplest expres-
sions for the oscillation probabilities for all transi-
tions νa ↔ νb is identified in Sect IVA1. As before,
we illustrate the procedure for the specific case of
νe → νµ transitions. Expressions for our simplified
oscillation probabilities are given in Appendix VI.
As emphasized in Ref. [12], accurate and reliable
expressions for oscillation probabilities are essential
for analysis and prediction at future neutrino facil-
ities. We calibrate these aspects of our results over
all regions of energy and matter density of interest.
In Sect. V, we present comparisons within the solar
resonance region, and in Sect. VI we present com-
parisons above the solar resonance region.
II. NEUTRINO DYNAMICS
The dynamics of the three known neutrinos and
their corresponding anti-neutrinos in matter is de-
termined by the time-dependent Schroedinger equa-
tion,
i
d
dt
|ν(t) > = Hν |ν(t) > , (1)
where the neutrino Hamiltonian Hν ,
Hν = H0v +H1 , (2)
consists of a piece H0v describing neutrinos in the
vacuum and a piece H1 describing their interaction
with matter.
Our formulation [1] applies to neutrinos propagat-
ing in a uniform medium for interactions constant
not only in space but also time, and it assumes
that that neutrinos and anti-neutrinos represented
are the structureless elementary Dirac fields of the
Standard Neutrino Model [2].
A. The Neutrino Hamiltonian in Matter
Neutrinos are characterized by flavor f(νe, νµ, ντ )
and mass m[ν1, ν2, ν3). These states are related by
the neutrino analog of the familiar CKM matrix,
νf = Uνm . (3)
They are produced and detected in states of a spe-
cific flavor.
The unitary matrix U is often parametrized in
terms of three mixing angles (θ12, θ13, θ23) and a
phase δcp characterizing CP violation.
Using the standard abbreviations, s12 ≡ sin θ12,
c12 ≡ cos θ12, etc,
U ≡


c12c13 s12c13 s13e
−iδcp
U21 U22 s23c13
U31 U32 c23c13

 , (4)
where,
U21 = −s12c23 − c12s23s13eiδcp
U22 = c12c23 − s12s23s13eiδcp
U31 = s12s23 − c12c23s13eiδcp
U32 = −c12s23 − s12c23s13eiδcp . (5)
In this representation, the index i = 1 of Uij corre-
sponds to the electron neutrino νe, the index i = 2
to the muon neutrino νµ, and the index i = 3 to the
tau neutrino ντ .
The perturbing Hamiltonian H1 is determined
by the interaction between electron neutrino flavor
states and the electrons of the medium. Expressed
as matrix,
H1 = U
−1


V 0 0
0 0 0
0 0 0

U , (6)
With V = ±√2GFne and ne the electron number
density in matter.
B. The Standard Neutrino Model
For electrically neutral matter consisting of pro-
tons, neutrons, and electrons, the electron density
ne is the same as the proton density np,
ne = np
= RA , (7)
3where A = N + Z is the average total nucleon
number density of matter through which the neutri-
nos propagate and R = Z/A is its average proton-
nucleon ratio. In the earth’s mantle, the domi-
nant constituents of matter are the light elements
so R ≈ 1/2; in the surface of a neutron star R << 1.
Matrix elements of H1 are thus
< M(k)|H1|M(k′) > = U∗1kV U1k′ . (8)
Using the well-known expression for V , we find
the corresponding the (dimensionless) interaction
strength Aˆ of neutrinos and anti-neutrinos with mat-
ter to be,
Aˆ = ±6.50 10−2R E[GeV]ρ[gm/cm3] , (9)
with E[GeV] being the neutrino beam energy in GeV
and ρ[gm/cm3] the average total density of matter
through which the neutrino beam passes on its way
to the detector in gm/cm
3
. For experiments close
to the earth’s surface, the appropriate density is the
mean density of the earth’s mantle,
ρ[gm/cm
3
] = ρ0
≈ 3 . (10)
We adopt the Standard Neutrino Model [2], given
next, to complete our description of the neutrino
Hamiltonian. Most of the parameters of the SNM
are consistent with global fits to neutrino oscillation
data with relatively good precision [13, 14]. These
include the neutrino mass differences,
m22 −m21 ≡ δm221
= 7.6× 10−5 eV2 (11)
and
m23 −m21 ≡ δm231
= 2.4× 10−3 eV2 , (12)
which corresponds to
α ≡ δm
2
21
δm231
= 3.17× 10−2 . (13)
The mixing angles θ are also determined from ex-
periment. In the SNM, the value of θ23,
θ23 = π/4 , (14)
is the best-fit value from Ref. [15], and θ12,
θ12 = π/5.4 , (15)
is consistent with the recent analysis of Ref. [16].
The mixing angle θ13 is known to be small (θ13 <
0.18 at the 95% confidence level), but until recently
its precise value has been quite uncertain. Results
from the Daya Bay project [17] have measured its
value more accurately, sin θ13 ≈ 0.15, which we
adopt to determine our value for θ13,
θ13 = 0.151 . (16)
This fixes Rp ≡ sin2 θ13/α ≈ 0.711. The CP vio-
lating phase is not known at all, and determining
its value will one of the major interests at future
neutrino facilities.
C. Our Hamiltonian Formulation
Our approach is based on the evaluation of the
time-evolution operator S(t′, t) using the Lagrange
interpolation formula [18]. For time-independent in-
teractions, S(t′, t) is written,
S(t′, t) = e−iHν(t
′
−t) . (17)
It depends on time only through the time difference
t′ − t and mat then be written in terms of the sta-
tionary state solutions |νmi > of Eq. (1),
S(t′, t) =
∑
i
|νmi > e−iEi(t
′
−t) < νmi| . (18)
Because the rest masses of neutrinos are consid-
ered to be tiny, for most cases of interest including
our approach, the ultra-relativistic limit,~|p| >> m2
(we take the speed of light c = 1) is assumed. Ultra-
relativistic neutrinos of energy E in the laboratory
frame may be expressed,
E ≈ |~p|+ m
2
2E
, (19)
where mi is its mass in the vacuum.
Thus, in this limit and in dimensionless variables,
ˆ¯Ei → M
2
i −m21
m23 −m21
(20)
and
ˆ¯H0v →


0 0 0
0 α 0
0 0 1

 (21)
with
α ≡ m
2
2 −m21
m23 −m21
. (22)
4The distance L from the source to the detector cor-
responding to S(t′, t) in Eq. (17) is
L = t′ − t . (23)
The time-evolution operator, Eq. (17), expressed
in dimensionless variables is then,
S(L) = e−iHν(t
′
−t)
= e2i
ˆ¯E
0
1
∆Le−2i
ˆ¯Hν∆L , (24)
where ˆ¯Hν is the full neutrino Hamiltonian expressed
in dimensionless variables, and where
∆L ≡ L(m
2
3 −m21)
4E
. (25)
Our formulation is summarized in Appendix A.
Taking the value of δm221 from the SNM, in the
high-energy limit ∆L [ Eq. (25)] becomes,
∆L ≈ 3.05× 10−3 L[Km]
E[GeV]
, (26)
with L[Km] the baseline in Km. From Eqs. (26,9),
we find
∆LAˆ = ±1.92 10−4R ρ[gm/cm3]L[Km] , (27)
or
L[Km] = ±5.05 103R ∆LAˆ
ρ[gm/cm
3
]
. (28)
Neutrinos at rest in a neutron star were recently
considered in Ref. [19]. It was recognized that the
only modification required was to take the non-
relativistic limit of the vacuum Hamiltonian. In our
approach, this would mean taking
E0i → mi +
p2
2mi
, (29)
rather than Eq. (19). In particular, the eigenvalues
of the interacting Hamiltonian continue to be ex-
pressed as the solution of the same cubic equation
[see Eqs. (34,35) of Ref [1]] but now with α→ αˆ,
αˆ ≡ m2 −m1
m3 −m1 . (30)
Because it is quite straightforward to obtain the
eigenvalues by solving the cubic equation numeri-
cally, if all one requires is an answer, the preferable
approach would be to obtain the oscillation proba-
bility in our Hamiltonian formulation using the ex-
pressions given in Appendix A with the coefficients
given in Appendix C. The advantage of the analyti-
cal result we pursue in the remainder of the paper is
the insight into the underlying physics that simple
analytical results provide.
III. SMALL PARAMETER EXPANSIONS
OF OBSERVABLE OSCILLATION
PROBABILITIES
Our goal is to obtain the simplest possible expres-
sions for the observable neutrino oscillation proba-
bilities accurate to about 1%. This is accomplished
using the small-parameter expansions of the exact
analytical expressions of our formulation. The small-
parameter expansion is facilitated by eliminating
sin2 θ13 in favor of α, writing sin
2 θ13 = Rpα, and
then expanding in α. Because Rp ≈ 0.711 in the
SNM, a Taylor expansion in α avoids having to ex-
pand separately in α and sin2 θ13 to simplify expres-
sions.
A. The Observable Oscillation Probabilities
The observable oscillation probabilities are ex-
pressed in terms of the partial oscillation proba-
bilities defined in Ref. [1] and summarized in Ap-
pendix A of this paper. Our methods are applicable
to these oscillation probabilities for all transitions
νa → νb.
One of the observable oscillation probabilities,
P+ab(∆L, Aˆ), is the sum over three of the four par-
tial oscillation probabilities defined in Eq. (A2) and
is symmetric under a↔ b,
P+ab(∆L, Aˆ) ≡ P abcosδ(∆L, Aˆ) + P abcos2δ(∆L, Aˆ)
+ P ab0 (∆L, Aˆ) . (31)
The structure of P+ab(∆L, Aˆ) is rather complicated,
and simplifying this quantity is the focus of this pa-
per.
The other observable oscillation probability,
P absinδ(∆L, Aˆ), is defined in Eq. (A1). It is antisym-
metric under a ↔ b. Because P absinδ(∆L, Aˆ) is both
exact and already sufficiently simple, it will not be
discussed further in this paper.
B. Leading Terms of the α-Expanded w
(ab)
i,p
A key quantity of our formulation [1] is the set of
coefficients w
(ab)
i,p given explicitly in Ref. [11]. These
coefficients are polynomials in α, and for the pur-
pose of the present work, it is rather important to
note that for many transitions νa → νb, the terms in
the polynomial expressions for w
(ab)
i;p with the low-
est powers in α (the “leading terms”) cancel against
5each other when ˆ¯Eℓ ≈ 1 or ˆ¯Eℓ ≈ 0. One or both
of these conditions hold for at least one or two of
the eigenvalues over nearly the entire range of Aˆ.
The consequence is that if we express the oscillation
probabilities in terms of the original set of coeffi-
cients w
(ab)
i;p , three powers of α must be retained to
achieve O(α2) accuracy, whereas we might have ex-
pected to retain only two. Polynomials with two
powers of α are, of course, simpler than those with
three.
Polynomials with O(α2) accuracy with two pow-
ers of α do, in fact, exist. To find them, it is impor-
tant to recognize that there is nothing unique about
the original set of coefficients w
(ab)
i,p . We could have
chosen any set of coefficients say, w
(ab)
i,p−
, as long as
the partial oscillation probabilities remain invariant
under w
(ab)
i,p → w(ab)i,p− . An example of such a trans-
formation is,
w
(ab)
i;0− ≡ w
(ab)
i;0 + w
(ab)
i;1 + w
(ab)
i;2
w
(12)
i;1− ≡ w
(12)
i;1 + w
(12)
i;2
w
(12)
i;2− ≡ w
(12)
i;2 . (32)
Clearly, the partial oscillation probabilities are in-
variant under this transformation since,
ˆ¯w
ab
i [ℓ]→ (w(ab)i;0− + w
(ab)
i;1−(
ˆ¯Eℓ − 1) + w(ab)i;2−
× ˆ¯Eℓ( ˆ¯Eℓ − 1))∆ ˆ¯E[ℓ]
= (w
(ab)
i;0 + w
(ab)
i;1
ˆ¯Eℓ + w
(ab)
i;2
ˆ¯E
2
ℓ)
× ∆ˆ¯E[ℓ] . (33)
The important points to note are, first, that the
terms in the polynomial expressions for w
(ab)
i;p− , p =
0, 1, 2 having the lowest powers in α cancel only
in isolated cases. Secondly, the quantity ˆ¯w
ab
i [ℓ] is
expressed equivalently in terms of both w
(ab)
i,p−
and
w
(ab)
i,p . Thus, the simplest expressions for the os-
cillation probabilities of O(α2) accuracy are found
from the first two powers in α in the expansion of
w
(ab)
i,p−
, whereas the same accuracy using w
(ab)
i,p would
require the first three powers of α. The coefficients
w
(ab)
i,p−
and w
(ab)
i,p are, of course, no longer equivalent
when they are truncated.
Next, we compare calculations of an approximate
oscillation probability using the first two leading
terms of w
(eµ)
i,p−
with an exact oscillation probability
calculated with wabi [ℓ].
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FIG. 1. Neutrino total oscillation probability
P eµ(∆L, Aˆ) as a function of ∆L for Aˆ = 0.102. Exact re-
sult (solid curve); approximate result (dashed curve) cal-
culated using exact eigenvalues and the first two leading
terms of w
(eµ)
i,p−
. All parameters except δcp are determined
by the SNM.
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FIG. 2. Neutrino total oscillation probability
P eµ(∆L, Aˆ) as a function of Aˆ for ∆L = 20 and
δcp = π/4. Full theory (solid curve); approximate re-
sult (dashed curve) calculated using exact eigenvalues
and the first two leading terms of w
(eµ)
i,p−
. All parameters
except δcp are determined by the SNM.
Figure 1 shows a comparison of the two calcula-
tions of P eµ(∆L, Aˆ) over the interval 20 < ∆L < 60
for a value of Aˆ = 0.0102. In Fig. 2 shows a com-
parison of the two calculations of P eµ(∆L, Aˆ) over
the interval 0 < Aˆ < 1.5 for fixed ∆L = 20. As
expected, the calculation using the first two leading
terms of w
(eµ)
i,p−
agrees very well with the exact one in
both cases.
We have examined the percentage error in the
partial oscillation probabilities P eµcos(∆L, Aˆ) and
P eµ0 (∆L, Aˆ) calculated using the first two leading
terms of w
(eµ)
i,p−
by comparing them numerically to
the exact result. The exact and approximate calcu-
lations agree within a fraction of a percent, except
in the vicinity of zeros. The error unavoidably di-
verges sufficiently close to the zeros when they are
6displaced by even a small amount.
We find the same cancellation just discussed for
νe → νµ transitions occurs for most of the other
transitions as well. We have tabulated the trun-
cated coefficients w
(ab)
i,p−
for all these transitions in
Appendix C.
The coefficients w
(ab)
i,p−
, used in conjunction with a
numerical evaluation of the neutrino mass eigenval-
ues, make it possible to find simple expressions for
the observable oscillation probabilities applicable to
all transitions νa → νb accurate to O(α2) [about 1%]
throughout the entire region of interest at present
and envisioned future neutrino facilities. The mass
eigenvalues are easily obtained numerically as the
solution of a cubic equation.
IV. SIMPLE ANALYTIC EXPRESSIONS
FOR P+ab(∆L, Aˆ)
In this section, we develop methods that lead to
simple analytic expressions for the observable oscil-
lation probabilities of all transitions νa → νb. The
analytical results are simple, in part, because many
of the terms appearing in the exact coefficients of
our approach [1] are quite small [O(αn), n ≥ 3] and,
for this reason, can be eliminated. Application of the
methods is illustrated for flavor-changing transitions
in the (νe, νµ) sector.
A. Simplifying P+ab(∆L, Aˆ)
Consider the partial oscillation probability
P abi (∆L, Aˆ) contributing to P
+ab(∆L, Aˆ) in
Eq. (31). The idea making it possible to find
remarkably simple expressions for P+ab(∆L, Aˆ) can
be explained in terms of the ˆ¯w
ab
i [ℓ] corresponding
to P abi (∆L, Aˆ) as follows.
Expanding ˆ¯w
ab
i [ℓ] we find
ˆ¯w
ab
i [ℓ] =
∑
n,i
Cn,i(ℓ, α)Aˆ
n , (34)
where, of course,
ˆ¯w
ab
i [ℓ] ≡ (w(ab)i;0 + w(ab)i;1 ˆ¯Eℓ + w(ab)i;2 ˆ¯E
2
ℓ)
× ∆ˆ¯E[ℓ] , (35)
and Cn,i(ℓ, α) is the coefficient of Aˆ
n in the expan-
sion of ˆ¯w
ab
i [ℓ]. Then, expanding Cn,i(ℓ, α) and re-
taining the first two terms in the power series in α,
Cn,i(ℓ, α) ≈ αp(n)( C(ℓ)0;n,i
+ αC(ℓ)1;n,i + ...) . (36)
From these expressions, we can easily see that
evaluating P+ab(∆L, Aˆ) in terms of individual
P abi (∆L, Aˆ) accurate to about 1% fails to give
the simplest expressions for P+ab(∆L, Aˆ) when
ˆ¯w
eµ
0 [ℓ] >> ˆ¯w
eµ
cos[ℓ] or ˆ¯w
eµ
cos[ℓ] >> ˆ¯w
eµ
0 [ℓ]. Said other-
wise, when ˆ¯w
eµ
0 [ℓ] >> ˆ¯w
eµ
cos[ℓ] or ˆ¯w
eµ
cos[ℓ] >> ˆ¯w
eµ
0 [ℓ],
simplifying the individual P abi (∆L, Aˆ) before simpli-
fying P+ab(∆L, Aˆ) does not lead to the simplest ex-
pression for P+ab(∆L, Aˆ).
In this situation, the approach that does work is
to first “consolidate” the coefficients ˆ¯w
ab
i [ℓ], which
means to (1) construct the single quantities ˆ¯w
ab
i [ℓ]
defined in Eq. (38); (2) simplify ˆ¯w
ab
i [ℓ]; and, (3) con-
struct P+ab(∆L, Aˆ) from this simplified ˆ¯w
ab
i [ℓ]. The
reason why consolidation works is most easily un-
derstood by considering C(∆L, Aˆ),
C(∆L, Aˆ) ≡ −4∆
2
L
ˆ¯D
∑
ℓ
(−1)ℓ ˆ¯wab[ℓ]
× j20(∆L∆ˆ¯E[ℓ]) , (37)
where,
ˆ¯w
ab
[ℓ] ≡ cos δcp ˆ¯w(ab)cos [ℓ] + cos2 δcp ˆ¯w(ab)cos2 [ℓ]
+ ˆ¯w
(ab)
0 [ℓ] . (38)
The quantity C(∆L, Aˆ) bears a simple relation to
P+ab(∆L, Aˆ),
P+ab(∆L, Aˆ) = C(∆L, Aˆ) . (39)
The important point is that when ˆ¯w
eµ
0 [ℓ] >>
ˆ¯w
eµ
cos[ℓ] or ˆ¯w
eµ
cos[ℓ] >> ˆ¯w
eµ
0 [ℓ], the smaller coefficients
are seldom among the first two leading terms of
ˆ¯w
ab
[ℓ] defined in Eq. (38) and, for this reason, they
do not appear in the simplified C(∆L, Aˆ). However,
when the individual ˆ¯w
ab
i [ℓ] of Eq. (35) are simplified,
these small terms are often retained and appear in
P+ab(∆L, Aˆ) when they are added together to ob-
tain P+ab(∆L, Aˆ).
The quantity ˆ¯D appearing in Eq. (37) is different
for each region. In particular, ˆ¯D = αCT (1 − α(1 +
Rs)) within the deep solar resonance region,
ˆ¯D =
αCT (Rs − α(1 + Rs))/R2s within the far solar reso-
nance region, and ˆ¯D = Cˆα(Aˆ−α(c12+ Aˆ(c12+Rp)))
above the solar resonance region.
7In Eq. (38), the quantity ˆ¯w
(ab)
i [ℓ] is,
ˆ¯w
(ab)
i [ℓ] = (w
(ab)
i;0− + w
(ab)
i;1−(
ˆ¯Eℓ − 1) + w(ab)i;2−
× ˆ¯Eℓ( ˆ¯Eℓ − 1))∆ ˆ¯E[ℓ] , (40)
where the coefficients w
(ab)
i;p− are found in Appendix C
for all transitions νa → νb.
1. Cˆα(Aˆ) and CT (Rs): Independent Variables
The error in P+ab(∆L, Aˆ), so consolidated, is most
easily seen to be of order of 1% by dropping all terms
of relative size αn with n > 1 and recognizing that
α ≈ 0.0317 [see Eq. (13)]. Said otherwise, an ac-
curacy of about 1% is achieved by retaining just
the first two terms of the α-expansion of Cn,i(ℓ, α)
(C(ℓ)0;n,i and C(ℓ)1;n,i).
In this case, P abi (∆L, Aˆ) takes the form,
P abi (∆L, Aˆ)→ −
4∆2L
ˆ¯D
∑
n,ℓ
αp(n)(C(ℓ)0;n,i + αC(ℓ)1;n,i)
× Aˆnj20 (∆L∆ˆ¯E[ℓ]) . (41)
Equation 41) is valid only when Cˆα is taken to be
independent of Aˆ, but the argument is easily gener-
alized to take account of the dependence of Cˆα on Aˆ
(see Sect. IVA2). Similar ideas apply to expressions
within the solar resonance region where Cˆα → CT .
2. Cˆα(Aˆ) and CT (Rs): Dependent Variables
Of course, Cˆα and CT are actually independent
variables. We next consider the more realistic case
where Cˆα depends on Aˆ and CT depends on Rs.
Although this discussion is somewhat technical, it
explains in detail how we found the simplified ex-
pressions for P+eµi (∆L, Aˆ) given in Appendix IV,
on which the numerical results of Sects. V and VI
documenting their accuracy is based. Because this
discussion is general, it applies to all transitions
νa → νb. Although we assume that we are above the
solar resonance region, the argument applies equally
as well within the solar resonance region by replacing
Cˆα → CT .
When Cˆα → Cˆα(Aˆ), we first factor C(∆L, Aˆ),
Eq. (37). One of these factors is proportional
to 1/C3α(Aˆ). This dependence arises from the ξ-
expanded eigenvalues appearing in Appendix B of
Ref [11] and associated with the term w
(ab)
i;2
ˆ¯E
2
ℓ∆
ˆ¯E[ℓ].
The product of the other factors is proportional to
Cmα (Aˆ), m = 0, 1, 3, 5, ....
We then replace each term proportional to an even
power, say 2n, of Cˆα(Aˆ) by Cˆα(Aˆ)
2n → ((1− Aˆ)2 +
4αRpAˆ)
n. Similarly, each term proportional to an
odd power, say 2n + 1, of Cˆα(Aˆ) by Cˆα(Aˆ)
2n+1 →
((1− Aˆ)2 + 4αRpAˆ)nCˆα(Aˆ).
After these replacements, a straightforward gen-
eralization of Eq. (41) gives,
C(∆L, Aˆ)→ − 4∆
2
L
ˆ¯DC3α
∑
n,ℓ
αp(n)((C(ℓ)0;n + αC(ℓ)1;n) + Cˆα(C
′(ℓ)0;n + αC
′(ℓ)1;n))Aˆ
nj20(∆L∆
ˆ¯E[ℓ]) , (42)
where C(ℓ)0;n, C(ℓ)1;n and C
′(ℓ)0;n, C
′(ℓ)1;n are the
two sets of first two leading terms of ˆ¯w
ab
[ℓ].
3. Summary and Discussion
To summarize, by expressing P+ab(∆L, Aˆ) in
terms of the single coefficient ˆ¯w
ab
[ℓ] in Eq. (40), the
entire set of terms ˆ¯w
eµ
0 [ℓ] and ˆ¯w
eµ
cos[ℓ] are collected to-
gether with the consequence that the first two lead-
ing terms of P+ab(∆L, Aˆ) is O(α
2).
At the same time, some of the higher-order terms
that would have been retained by considering ˆ¯w
eµ
0 [ℓ]
and ˆ¯w
eµ
cos[ℓ] independently are naturally discarded,
leading to the simplest result of O(α2). It is the
simplest result of O(α2) because the combination
has fewer terms when one of the two ˆ¯w
eµ
i [ℓ] is smaller
than the other. Inspection of the coefficients given
in Appendix D indicates that this is often the case.
Since the first two leading terms constitute the
simplest and most accurate expressions for the oscil-
lation probability, this method is guaranteed to lead
uniquely to the simplest and most accurate expres-
sion for P+ab(∆L, Aˆ) to about 1%, which is what
we set out to find. We note in passing that we have
managed to cast “simplicity” into mathematical lan-
guage. Some might find this interesting, since “sim-
8plicity is normally considered to be a subjective con-
cept.
The resulting oscillation probabilities were seen
to be accurate to a few percent over all regions of
interest at present and envisioned future neutrino
facilities. These analytic oscillation probabilities are
vastly more accurate than the familiar analytic ex-
pressions on the interval 0 < Aˆ < α and for values
of Aˆ extending from 0.35 well into the asymptotic
region, Aˆ >> 1. While somewhat less accurate than
numerical simulations, our approximate expressions
are sufficiently accuracy to obviate the need for exact
computer simulations in many circumstances. The
accuracy of the approximate P+ab(∆L, Aˆ) found in
this way is sufficient for analysis and prediction of
experiments at present and future neutrino facilities.
Furthermore, the accuracy is easy improved apply-
ing a well-defined correction procedure.
Note the following caveats. Depending on the val-
ues of the parameters of the SNM, for specific regions
it may happen that (1) some pieces of the first two
leading terms are small enough to drop to maintain
a specific accuracy goal; (2) the terms of relative or-
der α2 may happen to be anomaly large and thus
retained to maintain an accuracy goal.
These results may be used to define “effective”
partial oscillation probabilities. The “effective” par-
tial oscillation probability P abcosδ(∆L, Aˆ) would rep-
resent the dependence of P+ab(∆L, Aˆ) on δcp. Sim-
ilarly, an “effective” partial oscillation probability
P abcos2δ(∆L, Aˆ) would represent the dependence of
P+ab(∆L, Aˆ) on δ
2
cp, and an “effective” P
ab
0 (∆L, Aˆ)
would represent terms independent of δcp. These
effective partial oscillation determine, in turn, effec-
tive ˆ¯w
eµ
i [ℓ]. Note, however, that these effective par-
tial oscillation probabilities are not guaranteed to be
the simplest to O(α2).
V. SIMPLIFIED PARTIAL OSCILLATION
PROBABILITIES, Aˆ < 0.1
In this section, we consider the simplified oscil-
lation probability over the interval 0 < Aˆ < Aˆf ,
where, in this paper, Aˆf = 0.1. This interval en-
compasses the solar resonance, which is located at
Aˆ = α. For this reason, the interval 0 < Aˆ < 0.1
is referred to in this paper as the solar resonance
region. Note that this definition of the solar reso-
nance region differs from that adopted in Ref. [1],
where Aˆf = 0.2.
Here, we split up the solar resonance region into
two sub-regions. The sub-region 0 < Aˆ < α is
referred to as the deep solar region, and the sub-
region α < Aˆ < 0.1 as the far solar region. For
these sub-regions, we find it sufficient to retain only
the first leading term of eigenvalue difference, i .e.,
∆ ˆ¯E[ℓ] = ∆ ˆ¯E0[ℓ], where ∆
ˆ¯E0[ℓ] is the first term of
the Taylor series expansion of ∆ ˆ¯E[ℓ] in sin2 θ13 ap-
pearing in Appendix IVB.
The simplified P+ab(∆L, Aˆ) within the solar res-
onance region is given explicitly in Appendix VI by
applying the procedure of Sect. IV. We examine this
P+ab(∆L, Aˆ) numerically in the present section. By
comparing P+ab(∆L, Aˆ) to its exact counterpart, we
will establish that P+ab(∆L, Aˆ) describes the Aˆ- and
∆L-dependence of the exact oscillation probability
within the solar resonance region much more reli-
ably than those presently found in the literature.
A. General Considerations
From the simplified expressions for P+ab(∆L, Aˆ)
given in Appendix VI, where our results are ex-
pressed our in terms of effective partial oscillation
probabilities and effective ˆ¯w
eµ
i [ℓ], we will see that
the effective ˆ¯w
eµ
cosδ[ℓ] is generally non-vanishing. For
this reason, P+ab(∆L, Aˆ) is sensitive to the CP vi-
olating phase, δcp throughout this region. We will
also see there that the situation is different above
the solar resonance region.
Within the solar resonance region, the expansion
in sin2 θ13 is the appropriate one to use to obtain
the eigenvalues. We use the representation of the
sin2 θ13-expanded eigenvalues given in Appendix of
Ref. [11]. This representation motivates splitting the
solar resonance region into the deep solar resonance
region, Aˆ < α and the far solar resonance region,
Aˆ > α.
The advantage of this representation is that by
making the replacement,
Aˆ→ αRs
Cˆθ(Aˆ)→ αCT (Rs) , (43)
in the eigenvalues of the deep solar resonance region,
and,
Aˆ→ Rs/α
Cˆθ(Aˆ)→ AˆCT (Rs) , (44)
in those of the far solar resonance region, the same
function of Rs,
CT (Rs) ≡
√
1 +R2s − 2Rs cos 2θ12 , (45)
9appears in both sets of eigenvalues.
Expressions for the effective partial oscillation
probabilities given in Appendix VI have been sim-
plified using the properties that for all Aˆ > 0, Rs is
positive and less than or equal to one and that
CT (Rs) = 1 +O(α) . (46)
These properties have definite advantages for sim-
plifying the analytic expressions we present below.
In these expressions, we sometimes use CT as an ab-
breviation for CT (Rs).
1. The Bessel functions j20 (∆L∆
ˆ¯E[ℓ]) and ˆ¯D
Within the solar resonance region, we find it suffi-
cient to evaluate the Bessel functions and ˆ¯D in terms
of the first term of the Taylor series expansion of the
eigenvalue difference ∆ ˆ¯E[ℓ]. The first term ∆ˆ¯E0[ℓ]
is given in Appendix IVB.
Accordingly, the Bessel functions are expressed as,
j20(∆L∆
ˆ¯E[ℓ]) =
sin2∆L∆
ˆ¯E0[ℓ]
∆ ˆ¯E
2
0[ℓ]
, (47)
within the deep solar resonance region. The energy
denominator ˆ¯D is expressed as,
ˆ¯D = αCT (1− α(1 +Rs)) , (48)
within the deep solar resonance region and,
ˆ¯D =
αCT
R2s
(Rs − α(1 +Rs)) , (49)
within the far solar resonance region.
Within the solar resonance region, the oscillation
probability P+eµ(∆L, Aˆ) is
P+eµ(∆L, Aˆ)→ − 4ˆ¯D
∑
i,ℓ
(−1)ℓ ˆ¯weµi [ℓ]
× sin
2∆L∆
ˆ¯E0[ℓ]
∆ ˆ¯E
2
0[ℓ]
. (50)
Numerical results for the oscillation probability
P+eµ(∆L, Aˆ) calculated within deep the solar reso-
nance region is give below in Sects. VB1 and within
the far solar resonance region in Sect VC.
B. Oscillation Probability P+eµ(∆L, Aˆ) within
the Deep Solar Resonance Region
Within the deep solar resonance region, the rela-
tionship between the variables Aˆ and Rs is Aˆ = αRs.
The energy denominator ˆ¯D in this region is given in
Eq. (48). The effective ˆ¯w
eµ
i [ℓ], in addition to the
eigenvalue differences from which the Bessel func-
tions and energy denominator are calculated, are
given in Table II of Appendix VI.
1. Numerical Results in the Deep Solar Resonance
Region
Figures 3 and 4 show P+eµ(∆L, Aˆ) compared to
the exact oscillation probability as a function of Aˆ
and ∆L, respectively. We see from these figures that
P+eµ(∆L, Aˆ) and the exact oscillation probability
agree to a high level of accuracy within the deep
solar resonance region.
The other point of interest here is the extent to
which P+eµ(∆L, Aˆ) is an improvement over the fa-
miliar approximate formulations. This may be as-
sessed by comparing the Aˆ and ∆L dependences of
the present theory and the full oscillation probability
of AHLO.
This assessment of their Aˆ dependence follows
from a comparison of Fig. 3 to Fig. 3 of Ref. [11],
which shows the AHLO and exact oscillation prob-
abilities as a function of Aˆ. We see from Fig. 3
of Ref. [11] that the full oscillation probability of
AHLO overestimates the exact oscillation probabil-
ity by about a factor of two over the interval 0 <
Aˆ < α, indicating that our simplified P+eµ(∆L, Aˆ)
is a significant improvement over that of AHLO over
this interval.
An assessment of the ∆L dependence requires a
comparison of the ∆L dependence of the AHLO and
exact oscillation probabilities. We have made such
a comparison within the deep solar resonance region
for Aˆ ≈ α/3, finding hat the AHLO result agrees
with the exact result comparatively well out to ∆L ≈
30, where they begin to diverge. The divergence
continues to grow as ∆L increases.
We see from this result and Fig. 3 that our sim-
plified P+eµ(∆L, Aˆ) agrees quite well with AHLO
for small values of ∆L but not for the larger values,
where all three Bessel functions interfere.
We thus find that P+eµ(∆L, Aˆ) is more accurate
than the full expression of AHLO by examining the
Aˆ and the ∆L dependence of the oscillation proba-
bility. We conclude that P+eµ(∆L, Aˆ) is a significant
10
improvement over the full expression of AHLO.
FIG. 3. P+eµ(∆L, Aˆ) for ∆L = 60 over the interval
0 < Aˆ < α for neutrinos in matter. All parameters
except δcp are determined by the SNM. Exact result
(solid curve); simplified result within deep solar reso-
nance region calculated as described above (medium-
dashed curve).
C. Oscillation Probability within the Far
Solar Resonance Region
Within the far solar resonance region, the relation-
ship between the variables Aˆ and Rs is Aˆ = α/Rs.
The energy denominator in this region is ˆ¯D given
in Eq. (49). The effective ˆ¯w
eµ
i [ℓ], in addition to the
eigenvalue differences from which the Bessel func-
tions and energy denominator are calculated are cal-
culated are given in Table III of Appendix VI.
FIG. 4. P+eµ(∆L, Aˆ) for Aˆ = α/2 over the interval
0 < ∆L < 60 for neutrinos in matter. All parame-
ters except δcp are determined by the SNM. Exact re-
sult (solid curve); simplified result within deep solar res-
onance region calculated as described above (medium-
dashed curve).
1. Numerical Results in the Far Solar Resonance
Region
Figures 5 and 6 show P+eµ(∆L, Aˆ) compared to
the exact oscillation probability as a function of Aˆ
and ∆L, respectively. We see from these figures that
P+eµ(∆L, Aˆ) and the exact oscillation probability
agree to a high level of accuracy within the far solar
resonance region.
As before, the other point of interest is again the
extent to which P+eµ(∆L, Aˆ) is an improvement
over the familiar approximate formulations. This
may be assessed by comparing the Aˆ and ∆L depen-
dences of the present theory and the full oscillation
probability of AHLO.
This assessment of their Aˆ dependence follows
from a comparison of Fig. 5 to Fig. 4 of Ref. [11],
which shows the AHLO and exact oscillation proba-
bilities as a function of Aˆ. Comparing Fig. 5 to Fig. 4
of Ref. [11], one sees that the full result of AHLO
does reasonably well for α < Aˆ < 0.1, but our sim-
plified result [medium-dashed curve in Fig. 5] does
even better. This indicates that whereas our simpli-
fied P+eµ(∆L, Aˆ) might have some advantage over
AHLO, this advantage is marginal.
An assessment of the ∆L dependence requires a
comparison of the ∆L dependence of the AHLO and
exact oscillation probabilities. We have made such
a comparison within the far solar resonance region
for Aˆ ≈ 0.05 over the interval 5 < ∆L < 55 and
finding that the AHLO result agrees with the exact
result comparatively well over this interval, even for
the larger values, where all three Bessel functions
interfere.
Although our simplified P+eµ(∆L, Aˆ) is just
marginally more accurate than the full expression
of AHLO the full result of Ref. [9] is exceedingly
complex [11]. Thus, within the far solar resonance
region, our simplified P+eµ(∆L, Aˆ) is preferable to
the full result of Ref. [9] because it is much simpler
and more easily calculated than the full result of
AHLO.
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FIG. 5. P+eµ(∆L, Aˆ) for ∆L = 60 over the interval
α < Aˆ < 0.1 for neutrinos in matter. All parame-
ters except δcp are determined by the SNM. Exact re-
sult (solid curve); simplified result within Far solar res-
onance region calculated as described above (medium-
dashed curve).
FIG. 6. P+eµ(∆L, Aˆ) for Aˆ = α/2 over the interval
0 < ∆L < 20 for neutrinos in matter. All parameters ex-
cept δcp are determined by the SNM. Exact result (solid
curve); simplified result within far solar resonance region
calculated as described above (medium-dashed curve).
VI. SIMPLIFIED OSCILLATION
PROBABILITIES, Aˆ > 0.1
In this section, we consider the simplified
P+ab(∆L, Aˆ) for values of Aˆ above the solar reso-
nance region. As defined in this paper, the solar res-
onance region encompasses the interval 0 < Aˆ < Aˆf ,
where Aˆf = 0.1. Note that this definition of the
solar resonance region differs from that defined in
Refs. [1, 11], where Aˆf = 0.2.
We split up the interval Aˆ > 0.1 into four sub-
regions. The sub-region 0.1 < Aˆ < 0.35 is referred
to as the lower transition region, and 0.35 < Aˆ < Aˆ2
as the upper transition region. The upper and lower
transition sub-regions together constitute the tran-
sition region as defined in Refs. [1, 11]. The sub-
region Aˆ2 < Aˆ < 1.2 is referred to as the atmo-
spheric resonance region, and the sub-region Aˆ > 1.2
as the asymptotic region. The atmospheric reso-
nance and asymptotic sub-regions are both defined
here as in Refs. [1, 11]. For these sub-regions, we
find it necessary to retain both the first and the sec-
ond leading terms of the eigenvalue differences, i .e.,
∆ ˆ¯E[ℓ] = ∆ ˆ¯E0[ℓ](1+ r[ℓ]), where ∆
ˆ¯E0[ℓ] and r[ℓ] are
given in Appendix IVC.
The simplified P+ab(∆L, Aˆ) is given explicitly
in Appendix VI by applying the procedure of
Sect. IV. We examine this P+ab(∆L, Aˆ) numerically
in the present section. By comparing P+ab(∆L, Aˆ)
to its exact counterpart, we will establish that
P+ab(∆L, Aˆ) describes the Aˆ- and ∆L-dependence
of the exact oscillation probability within the so-
lar resonance region much more reliably than those
presently found in the literature.
A. General Considerations
We find that in all sub-regions except for the lower
transition sub-region, the effective P+eµcos (∆L, Aˆ)
vanishes. Consequently, the entire sensitivity to the
CP-violating phase δcp for these values of Aˆ arises
from the partial oscillation probability P absinδ(∆L, Aˆ)
given in Eq. (A1). We have made no attempt to
simplify P absinδ(∆L, Aˆ) because the exact expression
for P absinδ(∆L, Aˆ) is already quite simple in form. Ex-
pressions for P+ab(∆L, Aˆ) are found in Appendix VI.
Above the solar resonance region, we use the α-
expanded representation of ˆ¯Eℓ to obtain our sim-
plified P+ab(∆L, Aˆ). This α-expanded representa-
tion appears both in Ref. [1] and in an appendix of
Ref. [11].
1. The Bessel functions j20(∆L∆
ˆ¯E[ℓ]) and ˆ¯D
Above the solar resonance resonance, we found it
necessary to retain both the first and second terms
of the Taylor series expansion of the eigenvalue dif-
ference, i .e., ∆ ˆ¯E[ℓ] = ∆ ˆ¯E0[ℓ](1+r[ℓ]), where ∆
ˆ¯E0[ℓ]
is the first term of the expansion of ∆ ˆ¯E[ℓ] in α ap-
pearing in Appendix IVC, and ∆ ˆ¯E0[ℓ]r[ℓ]) is the
second.
Accordingly, the Bessel functions are expressed,
j20(∆L∆
ˆ¯E[ℓ]) =
sin2∆L∆
ˆ¯E0[ℓ](1 + r[ℓ])
∆ ˆ¯E
2
0[ℓ](1 + r[ℓ])
. (51)
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Equation (51) may be expanded in r[ℓ] using
Eq. (17). Equation (17) is an excellent approxima-
tion for values of ∆L appropriate above the solar
resonance region, and some may find the expanded
form more convenient. All results shown in this sec-
tion use the expanded form.
Because we find it necessary to retain both the
first and the second leading terms of the eigenvalue
differences, i .e., ∆ ˆ¯E[ℓ] = ∆ ˆ¯E0[ℓ](1+r[ℓ]), the energy
denominator ˆ¯D becomes,
ˆ¯D = Cˆα(Aˆ− α(c12 + Aˆ(c12 +Rp))) . (52)
B. Lower Transition Region, 0.1 < Aˆ < 0.35
For the lower transition region, 0.1 < Aˆ < 0.35, we
find it necessary to make a correction δP+eµ(∆L, Aˆ)
that depends on both an effective δ ˆ¯w
eµ
0 [ℓ] and an
effective δ ˆ¯w
eµ
cos[ℓ]. This correction must be added to
ˆ¯w
eµ
cos[ℓ], which is defined in Table VII. in order to
accurately describe the dependence of P+eµ(∆L, Aˆ)
on ∆L. Consequently, the corrected P
(+)eµ(∆L, Aˆ)
becomes a bit more complicated below Aˆ = 0.35 and
acquires a sensitivity to δcp.
By including δP+ab(∆L, Aˆ), the accuracy of he
corrected P+ab(∆L, Aˆ) given improves also for some
distance into the far solar resonance region. For this
reason, the solar resonance region has been redefined
in this paper to cover the interval 0 < Aˆ < 0.1.
1. Numerical Results
Numerical results for the simplified
P+ab(∆L, Aˆ) + δP
+ab(∆L, Aˆ) within the lower
transition region are presented in this section. The
quantity P+ab(∆L, Aˆ) is given in Eq. (7). It is
evaluated in terms of ˆ¯w
eµ
0 [1] from Table VII with
D ˆ¯w
eµ
0 [1]→ 0.
Figure 7 shows the dependence of the simplified
P+ab(∆L, Aˆ) + δP
+ab(∆L, Aˆ) on Aˆ and Fig. 8 its
dependence on ∆L. In both figures, the simplified
results are compared to the exact result [11].
We see from Fig. 7 that the Aˆ dependence of
the simplified P+eµ(∆L, Aˆ) and the exact oscillation
probability agree moderately well.
Comparing our simplified expression for
P+ab(∆L, Aˆ) + δP
+ab(∆L, Aˆ) shown in Fig. 7
of this paper to Figs. 4 and 5 of of Ref. [11], one sees
that the results given here are superior to Freund’s
patched result and comparable or superior to his
FIG. 7. P+eµ(∆L, Aˆ) for ∆L = 17 over the inter-
val 0.1 < Aˆ < 0.35 for neutrinos in matter. All pa-
rameters are determined by the SNM with δcp = π/4.
Exact result (solid curve); simplified result within lower
transition region calculated as described above (medium-
dashed curve).
FIG. 8. P+eµ(∆L, Aˆ) for Aˆ = 0.1 over the interval
0 < ∆L < 17 for neutrinos in matter. All parame-
ters are determined by the SNM with δcp = π/4. Ex-
act result (solid curve); simplified result within lower
transition region calculated as described above (medium-
dashed curve).
full result over the interval 0.1 < Aˆ < 0.35. Our
results are definitely superior to the full results of
AHLO [9] shown in Figs. 16 and 17 of Ref. [11].
C. Upper Transition Region, 0.35 < Aˆ < Aˆ2
We next give results we find for the effective oscil-
lation probabilities within the region 0.35 < Aˆ < Aˆ2.
The effective ˆ¯w
eµ
0 [ℓ] is given in Table VII.
1. Numerical Results
Numerical results for the simplified P+ab(∆L, Aˆ)
presented in this section are evaluations of Eq. (31)
with ˆ¯w
eµ
0 [1] given in Table VII and, of course,
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FIG. 9. P+eµ(∆L, Aˆ) for ∆L = 10 over the interval
0.35 < Aˆ < Aˆ2 for neutrinos in matter. All param-
eters are determined by the SNM. Exact result (solid
curve); simplified result within upper transition region
calculated as described above (medium-dashed curve).
D ˆ¯w
eµ
0 [1]→ 0. Figure 9 shows the dependence of the
simplified P+ab(∆L, Aˆ) on Aˆ and Fig. 10 its depen-
dence on ∆L. In both figures, the simplified results
are compared to the exact result [11]. These figures
show that both the Aˆ dependence and the ∆L de-
pendence of the simplified results compare favorably
to the exact results.
Comparing Fig. 9 to results shown in Fig. 5 of
Ref. [11], one sees that our simplified results are su-
perior to Freund’s patched result throughout the up-
per transition region and comparable to Freund’s full
result [11]. Our results are definitely superior to the
full results of AHLO [9].
D. Atmospheric Resonance Region:
Aˆ2 < Aˆ < 1.2
Following Sect. VIC, we find that within the at-
mospheric resonance region P+eµ(∆L, Aˆ) has the
form given in Eq. (7). The term D ˆ¯w
eµ
0 [1] is given
in Eq. (8 and needed for accuracy within this re-
gion, and ˆ¯w
eµ
0 [1] is given in Table VII. In obtaining
this result we found that both of exceptional cases
(1) and (2) discussed in Sect. IVA3 apply to this
region.
1. Numerical Results
Figures 10 and 11 show numerical results for the
first two leading terms of P+eµ(∆L, Aˆ) in the region
of the atmospheric resonance. We see here that the
dependence of P+eµ(∆L, Aˆ) on both ∆L and Aˆ agree
well with the exact oscillation probability within this
region.
Figure 6 of Ref. [11] compares the Aˆ dependence
of the full oscillation probability of Freund to that of
the oscillation probability of our formulation evalu-
ated with α-expanded eigenvalues. From this com-
parison, we see that the full oscillation probability of
Freund is discontinuous at the position of the atmo-
spheric resonance. Putting this together with Fig. 10
leads to the conclusion that the first two leading
terms of our simplified oscillation probability is in
better agreement with the exact oscillation proba-
bility than the full oscillation probability of Freund.
Additionally, as suggested by Fig. 11, the ∆L
dependence of our simplified oscillation probability
agrees well with that of the exact oscillation prob-
ability both above and below the atmospheric reso-
nance,
Additionally, we have found that below the atmo-
spheric resonance the ∆L dependence of Freund’s
full result [8] agrees well with the ∆L dependence
of the oscillation probability of our formulation with
α-expanded eigenvalues, with it’s magnitude agree-
ing with that of the oscillation probability of our
formulation with α-expanded eigenvalues.
Above the atmospheric resonance, the ∆L depen-
dence of our simplified oscillation probability agrees
well with the ∆L dependence of the oscillation prob-
ability of our formulation with α-expanded eigenval-
ues, but it’s magnitude exceeds that of the oscilla-
tion probability of our formulation with α-expanded
eigenvalues.
Figure 6 of Ref. [11] shows that within the at-
mospheric resonance region the patched oscillation
probability and the full AHLO oscillation probabil-
ity are significantly larger than the exact oscillation
probability and, for this reason, we conclude that
Freund’s patched oscillation probability and the full
AHLO oscillation probability need not be seriously
considered further in the atmospheric resonance re-
gion.
E. Asymptotic Region: Aˆ > 1.2
We next give results we find for the effective os-
cillation probabilities within the region Aˆ > 1.2.
The procedure given in Sect. IV applied within the
asymptotic region once again leads to an expres-
sion for P+eµ(∆L, Aˆ) having the same form that it
has in the upper transition region, Eq. (7). The ef-
fective ˆ¯w
eµ
i [ℓ] is given in Table VII and, of course,
D ˆ¯w
eµ
0 [1]→ 0.
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FIG. 10. P+eµ(∆L, Aˆ) for ∆L = 4 over the interval
Aˆ2 < Aˆ < 1.2 for neutrinos in matter. All param-
eters are determined by the SNM. Exact result (solid
curve); simplified result within atmospheric resonance
region calculated as described above (medium-dashed
curve).
FIG. 11. P+eµ(∆L, Aˆ) for Aˆ = 0.8 over the interval
0 < ∆L < 35 for neutrinos in matter. All parameters are
determined by the SNM. Exact result (solid curve); sim-
plified result within upper transition region calculated as
described above (medium-dashed curve).
1. Numerical Results
Figures 12 and 13 show P+eµ(∆L, Aˆ) compared to
the exact oscillation probability as a function of Aˆ
and ∆L, respectively, within the asymptotic region.
We see from these figures that P+eµ(∆L, Aˆ) and the
exact oscillation probability agree to a high level of
accuracy within this region.
As before, the other point of interest is again the
extent to which P+eµ(∆L, Aˆ) is an improvement
over the familiar approximate formulations. This
may be assessed by comparing the Aˆ and ∆L depen-
dences of the present theory and the full oscillation
probability of Freund.
This assessment of their Aˆ dependence follows
from a comparison of Fig. 12 to Fig. 7 of Ref. [11],
which shows Freund’s full oscillation probability and
the exact oscillation probability as a function of Aˆ.
Comparing Fig. 12 to Fig. 7 of Ref. [11], one sees that
Freund’s full oscillation probability is a very good
description of the exact result in the asymptotic re-
gion. This indicates that our simplified P+eµ(∆L, Aˆ)
offers very little advantage over Freund’s full oscil-
lation probability..
An assessment of the ∆L dependence requires a
comparison of the ∆L dependence of Freund’s full os-
cillation probability and the exact oscillation proba-
bility. We have made such a comparison for Aˆ = 1.2
over the interval 1.2 < ∆L < 20 finding that Fre-
und’s full oscillation probability agrees very well
with the exact oscillation probability.
The ∆L dependence our simplified P
+eµ(∆L, Aˆ)
agrees less well with the exact oscillation proba-
bility within the asymptotic region by about 10%
than does Freund’s full result near the peaks of
P+eµ(∆L, Aˆ). Otherwise, the two agree comparably
as well. Whether or not one adopts our simplified
P+eµ(∆L, Aˆ) is therefore a matter of whether this
10% difference is significant for the intended pur-
pose.
Figure 7 of Ref. [11] shows that within the asymp-
totic region the patched oscillation probability of
Freund is significantly larger than the exact oscil-
lation probability and, for this reason, we conclude
that Freund’s patched oscillation probability need
not be seriously considered further in the asymptotic
region.
FIG. 12. P+eµ(∆L, Aˆ) for ∆L = 4 over the interval
1.2 < Aˆ < 2.5 for neutrinos in matter. All parameters
are determined by the SNM. Exact result (solid curve);
simplified result within asymptotic region calculated as
described above (medium-dashed curve).
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FIG. 13. P+eµ(∆L, Aˆ) for Aˆ = 1.2 over the interval
4 < ∆L < 20 for neutrinos in matter. All parameters
are determined by the SNM. Exact result (solid curve);
simplified result within asymptotic region calculated as
described above (medium-dashed curve).
F. Discussion
We have found the remarkable result in this sec-
tion that ˆ¯w
eµ
0 [1] vanishes in all regions above the
lower transition region. Accordingly, we establish
an important result, namely that P+ab(∆L, Aˆ) is
almost completely independent of the CP violating
phase, δcp, for Aˆ > 0.35.
Another important result is that the expressions
we find for P (+)eµ(∆L, Aˆ) are very accurate above
the solar resonance region. These expressions are
identical for the first two leading of ˆ¯w
eµ
0 [1] in all
regions except for the lower transition region and
the vicinity of the atmospheric resonance. These ex-
pressions are also very simple for Aˆ > 0.35. They
are given in Table VII. Above the lower transi-
tion region, we find, of course, that the effective
P abcos(∆L, Aˆ) vanishes.
Within the lower transition region, the correc-
tion term contains both effective ˆ¯w
eµ
0 [ℓ] and effective
ˆ¯w
eµ
cos[ℓ] leading to more complicated expressions for
P+ab(∆L, Aˆ) and showing that it begins to acquire
a sensitivity to δcp within this region.
It should be emphasized that only in a few in-
stances are these effective partial oscillation prob-
abilities suitable approximations to the exact ones,
even though the symmetric oscillation probability
P+ab(∆L, Aˆ) obtained by summing the three effec-
tive ones as in Eq. (31) does satisfy our accuracy
goal. This discussion highlights the fact that even
though determination of simple and accurate expres-
sions is purely algebraic, finding the simplest expres-
sions is hardly a trivial process.
VII. SUMMARY AND CONCLUSIONS
In this paper, we have determined simple and ac-
curate algebraic expressions for the observable os-
cillation probabilities characterizing three coupled
Dirac neutrinos described by the SNM and conve-
nient for quantitative predictions and analyses of
high quality data becoming available at new neu-
trino facilities. The expressions we found are based
on our recently published Hamiltonian formulation.
The procedure leading to our simple and accu-
rate expressions for the oscillation probabilities re-
lies on on two main ideas. The first is that many
terms constituting the coefficients w
(ab)
i,p of our orig-
inal Hamiltonian formulation [11] are small enough
to be neglected because of subtile cancellations that
occur among these coefficients. We determined a
transformation for all transitions νa → νb that led
to a new set of coefficients w
(ab)
i,p−
. These are essential
for obtaining simple results for the oscillation prob-
ability accurate to O(α2) because they are devoid of
such cancellations. The second main idea forms the
basis of an efficient and general procedure leading to
the simplest expressions for oscillation probabilities
accurate to O(α2).
The methods established here are general. Simple
and accurate expressions for the neutrino oscillation
probabilities for all νa → νb transitions are easily
obtained with the information given in the appendix
of this paper.
We illustrated this procedure and calibrated its
for the specific case of νe ↔ νµ transitions. These
transitions correspond to the experimental situation
for which data exists and are the only transitions
for which analytic results have been attempted in
the literature.
Figures presented in the present paper established
the accuracy and reliability of our simple algebraic
expressions for the observable oscillation probabili-
ties. Our results are vastly more accurate than re-
sults that have been available in the literature for
some time throughout the entire region of interest
at present and envisioned future neutrino facilities.
This accuracy is adequate for analysis and prediction
of experiments being considered at future neutrino
facilities. Our expressions are only slightly more
complicated than the familiar ones.
Our result relies on neutrino mass eigenvalues
evaluated using first-order perturbation theory in
one of the small parameters ξ = (α, sin2 θ13) of the
SNM. Within the solar resonance region, the sim-
plest expressions accurate to O(α2) are based on the
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sin2 θ13-expanded eigenvalues, and above the solar
resonance region they are based on the α-expanded
eigenvalues.
Alternatively, even more accurate results follow
using this information in conjunction with a nu-
merical evaluation of the neutrino mass eigenvalues,
which are easily obtained as the solution of a cubic
equation. Because this method lacks a fully analytic
representation, it is less useful than the analytic re-
sult, since, as in the case for all numerical solutions,
it is more difficult to obtain insight into the physics
in this way.
Appendix A: Our Formulation
Our formulation [1] gives explicit, analytic expressions for the partial oscillation probabilities in terms of
the mixing angles, Aˆ, and the neutrino eigenvalues, ˆ¯Eℓ.
1. Full Oscillation Probability in Our Formulation
One of the partial oscillation probabilities, P absin δ, is antisymmetric under a↔ b,
P absinδ(∆L, Aˆ) = sin δcp∆
3
Lα(1 − α)(−1)a+b cos θ13 sin 2θ12 sin 2θ13 sin 2θ23Πℓj0(∆L∆ˆ¯E[ℓ]) . (A1)
The other three are individually symmetric,
P abcosδ(∆L, Aˆ) = − cos δcp
4∆2L
ˆ¯D
∑
ℓ
(−1)ℓ ˆ¯wabcos[ℓ]j20(∆L∆ˆ¯E[ℓ])
P abcos2δ(∆L, Aˆ) = − cos2 δcp
4∆2L
ˆ¯D
∑
ℓ
(−1)ℓ ˆ¯wabcos2 [ℓ]j20(∆L∆ˆ¯E[ℓ])
P ab0 (∆L, Aˆ) = −
4∆2L
ˆ¯D
∑
ℓ
(−1)ℓ ˆ¯wab0 [ℓ]j20(∆L∆ˆ¯E[ℓ]) , (A2)
where the sum runs over ℓ = 1 , 2 , 3,
ˆ¯D = ∆ˆ¯E[1]∆ ˆ¯E[2]∆ ˆ¯E[3] , (A3)
and, the quantity ∆L appearing in Eqs. (A1,A2) is defined in Eq. (25). In Eq.(A2),
ˆ¯w
ab
i [ℓ] = (w
(ab)
i;0 + w
(ab)
i;1
ˆ¯Eℓ + w
(ab)
i;2
ˆ¯E
2
ℓ)∆
ˆ¯E[ℓ] . (A4)
The bracket notation is the same as that used throughout our work [1].
The total oscillation probability for neutrinos is then,
P(νb → νa) = δ(a, b) + P ab0 + P absin δ + P abcos δ
+ P abcos2 δ . (A5)
Because the masses are ordered so that m3 > m2 > m1 and eigenvalues do not cross, it follows that
ˆ¯E3 >
ˆ¯E2 >
ˆ¯E1 for all |Aˆ|. Consequently, ∆ ˆ¯E[ℓ] as well as ˆ¯D are all positive.
The partial oscillation probabilities in Eqs. (A1,A2) have been expressed as explicit functions of ∆L and
Aˆ to indicate that the entire dependence on the neutrino beam energy E, the baseline L, and the medium
properties occurs through ∆L and Aˆ. This follows from their definitions in Eqs. (9,25), respectively.
17
The matrices wabi;n appearing in Eq. (A2) take the form [1].
wcos2;n = sin
2 2θ23


0 0 0
0 w
(22)
cos2;n −w
(22)
cos2;n
0 −w(22)
cos2;n w
(22)
cos2;n

 , (A6)
wcos;n = sin 2θ23


0 w
(12)
cos;n −w(12)cos;n
w
(12)
cos;n w
(22)
cos;n w
(23)
cos;n
−w(12)cos;n w(23)cos;n w(33)cos;n

 , (A7)
and
w0;n =


w
(11)
0;n w
(12)
0,n w
(13)
0;n
w
(12)
0;n w
(22)
0;n w
(23)
0;n
w
(13)
0;n w
(23)
0;n w
(33)
0;n

 . (A8)
The partial oscillation probabilities given in Eqs. (A1,A2) are exact when evaluated in terms of the exact
eigenvalues [see Eq. (40) of Ref [1]] and the full expressions for the coefficients w
(ab)
i;n [see Appendix C of
Ref [11]].
The usefulness of the oscillation probabilities follows from various interconnections among them. One of
these is that the exchange of initial and final states in the oscillation probability or neutrinos (antineutrinos)
is equivalent to letting δcp → −δcp. Thus, the result for the inverse reaction P(νb → νa) is found by
exchanging (a, b) in Eq. (A5). Since P absin δ is antisymmetric under the exchange of (a, b), and P
ab
0 , P
ab
cos δ and
P abcos2 δ symmetric, it follows that P
ba is given by
P(νb → νa) = δ(a, b) + P ab0 − P absin δ + P abcos δ
+ P abcos2 δ . (A9)
In analogy to Eq. (A5), we may express the oscillation probability for antineutrinos as
P(ν¯a → ν¯b) ≡ P¯ ab(∆L, Aˆ)
= δ(a, b) + P¯ ab0 + P¯
ab
sin δ + P¯
ab
cos δ + P¯
ab
cos2 δ , (A10)
where the bared probabilities for anti neutrinos are obtained from the unbarred for neutrinos by replacing
δcp → −δcp and Aˆ→ −Aˆ. Because the energies of antineutrinos are different from those of the neutrinos in
matter, we can expect P ab 6= P¯ ab in this situation.
Again applying the rule that exchange of initial and final states is accomplished by letting δcp → −δcp,
the oscillation probability P(ν¯b → ν¯a) is expressed in terms of the same four quantities,
P(ν¯b → ν¯a)
= δ(a, b) + P¯ ab0 − P¯ absin δ + P¯ abcos δ + P¯ abcos2 δ . (A11)
Appendix B: Approximate Oscillation Probability in Our Formulation
As discussed in Sect. III, many terms constituting the exact expressions for coefficients w
(ab)
i,p , which are
given explicitly in Appendix C of Ref. [11], are small and may be neglected without compromising the overall
reliability of our result. However, it is not straightforward to recognize the cancelling terms because of subtile
cancellations that occur among these coefficients. The source of these cancellations is identified in Sect. III B
above and, based on this understanding, we determine a transformation leading to a new set of coefficients
w
(ab)
i,p−
,
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ˆ¯w
ab
i [ℓ] = (w
(ab)
i;0− + w
(ab)
i;1−(
ˆ¯Eℓ − 1) + w(ab)i;2− ˆ¯Eℓ( ˆ¯Eℓ − 1))∆ ˆ¯E[ℓ] , (B1)
which are devoid of cancellations. The first two leading terms of the coefficients w
(ab)
i,p−
are essential for
obtaining simple results for the oscillation probability accurate to O(α2). These coefficients are tabulated
below for all transitions νa → νb. The expressions for the approximate oscillation probability are those given
in Eqs. (A1,A2), but with wab
i;p− [ℓ] evaluated using the first two leading terms of the coefficients ˆ¯w
(ab)
i;p− . The
overall factor Kiab of each coefficient ˆ¯w
(ab)
i;p− appears in Table I. The actual coefficient w
(ab)
i;,p− are found from
those given below by multiplying them by Kiab,
w
(ab)
i;p− → Ki2w
(ab)
i;p− . (B2)
Appendix C: First Two Leading Terms of the Coefficients w
(ab)
i;p−
The first two leading terms of the coefficients w
(ab)
cos2,p−
are given in Sect. C 1; those for w
(ab)
cos,p−
in Sect. C 2;
and, those for w
(ab)
0,p− in Sect. C 3.
1. w
(22)
p (i = cos
2)
w
(22)
cos2,0− = (1− α+ Aˆ(1 − α(s212 +Rp)))
w
(22)
cos2,1− = (1− α)
w
(22)
cos2,2− = 1 . (C1)
The remaining coefficients w
(ab)
cos2,p−
are found from these as follows,
w
(23)
cos2,p−
= w
(32)
cos2,p−
= −w(22)
cos2,p−
w
(33)
cos2,p−
= w
(22)
cos2,p−
w
(11)
cos2,p−
= w
(12)
cos2,p−
= w
(13)
cos2,p−
= w
(21)
cos2,p−
= w
(31)
cos2,p−
= 0 , (C2)
2. w
(12)
p , w
(23)
p , and w
(22)
p (i = cos)
w
(12)
cos;0− = α(c
2
12 − s212)(1 − α(1 +Rp))− Aˆ(1− α(1 +Rp)
w
(12)
cos;1− = (1 − α(1 + 2s212 +Rp))− Aˆw
(12)
cos;2−
w
(12)
cos;2− = (1 − α(s212 +Rp)) ; (C3)
w
(23)
cos;0− = c12s12(α(c
2
12 − s212)− α2(1−Rp)
× (c212 − s212))(c223 − s223)− Aˆ(1 − α(1 + 3Rp))
w
(23)
cos;1− = −c12(1− α(1 + 2c212 +Rp))s12(c223 − s223)
w
(23)
cos;2− = −2c12s12(1− α(c212 +Rp))(c223
− s223) ; (C4)
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and,
w
(22)
cos;0− = αc
2
23(c
2
12 − s212)− α2(c212 − s212)(c223 +Rps223)
− Aˆ(c223 − α(c223 +Rp(1− 3s223)))
w
(22)
cos;1− = −Aˆ(1 − α(s212 +Rp)) + s223 + α(c212 − s212
− s223(1 + 2c212 +Rp))
w
(22)
cos;2− = 2s
2
23 + α(c
2
23 − 2c223s212 − s223 − 2Rp
× s223) . (C5)
The remaining coefficients w
(ab)
cos,p−
are found from these as follows,
w
(13)
cos,p−
= w
(31)
cos,p−
= −w(12)
cos,p−
w
(21)
cos,p−
= w
(12)
cos,p−
. (C6)
The coefficients w
(33)
cos,p−
are obtained from w
(22)
cos,p−
by making the replacement sin θ23 ↔ cos θ23 and flipping
the overall sign.
3. w
(12)
p , w
(23)
p , w
(11)
p , and w
(22)
p (i = 0)
w
(12)
0;0− = α(4s
2
12c
2
12(c
2
23 − α(c223 +Rp))− Aˆ(4c212c223s212 + 4R2ps223 − α(4c412c223s212 −Rps223(4c212s212 − 12Rps212 − 4R2p))))
w
(12)
0;1− = (4αs
2
12(c
2
12c
2
23 −Rps223)− α2s212(4c212c223 + 4Rp(c223 − s212 − s223 −Rps223))) − Aˆw(12)0;2−
w
(12)
0;2− = 4Rps
2
23 + α(4c
2
12c
2
23s
2
12 − 4Rp(Rp + 2s212)s223) ; (C7)
w
(23)
0;0− = −α(16αc212c223s212s223 + 4s223c223Aˆ(4Rp − α(4c212s212 + 4Rp(1 + 2Rp + s212)))
− α2(16c212c223s212s223 + 2Rp(8c212s212 + 8c223s223 − 16c212c223s212s223)))
w
(23)
0;1− = −16αs223c223(c212 − α(c212 + c412 +Rp))
w
(23)
0;2− = 16c
2
23s
2
23(1− 2α(c212 +Rp)) ; (C8)
w
(11)
0;0− = −4αs212c212(1− α(1 + 2Rp))
w
(11)
0;1− = −4αs212(c212 −Rp − α(c212 −Rp(Rp + 2s212))
w
(11)
0;2− = −4Rp − α(4c212s212 − 4Rp(Rp + 2s212)) ; (C9)
and,
w
(22)
0;0− = α(4αc
4
23c
2
12s
2
12 − α2c223(4c212c223s212 − 2Rps223(1 + (c212 − s212)2))− Aˆ(4Rpc223s223
+ α(4c212c
4
23s
2
12 − 4Rps223(c223(1 + s212) +Rp(c223 − s223)))))
w
(22)
0;1− = α(4c
2
12c
2
23s
2
23 − α(2Rps223(c212 + c223 − s212 − s223 + c212c223(1 + 2s212 + 6s223 − (c212 − s212)(c223 − s223)))
+ 4Aˆ(Rps
2
23 + α(c
2
12c
2
23s
2
12 −Rp(Rp + 2s212)s223)))
w
(22)
0;2− = −4s223(c223 − α(2c212c223 +Rp(c223 − s223))) (C10)
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The remaining coefficients w
(ab)
0,p− are obtained from these as follows,
w
(21)
0,p− = w
(31)
0,p−
= w
(12)
0,p− . (C11)
The coefficients w
(33)
0,p− are obtained from w
(22)
0,p− by making the replacement sin θ23 ↔ cos θ23. Likewise, w
(13)
0,p−
are obtained from w
(12)
0,p− the same way, making the same replacement, sin θ23 ↔ cos θ23.
TABLE I. Coefficients Kiab of the coefficients w
(ab)
i;p−
i (a,b) Kiab
c2 (2, 2) α3Rps
2
12c
2
12
c (1, 2) α
√
αRp
2
s12c12
c (2, 3) α
√
αRps
2
12c
2
12
c (2, 2) −α
√
αRps12c12
0 (1.2) α
4
0 (2, 3) 1
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0 (1, 1) α
4
0 (2, 2) 1
4
IV. SMALL PARAMETER EXPANSIONS
We have shown [1] that expansions of the eigenval-
ues in the small parameter α is troublesome in the
vicinity of the solar resonance and that expansions
of the eigenvalues in the small parameter sin2 θ13 is
troublesome in the vicinity of the atmospheric res-
onance. These problems are avoided in this paper
by expressing the oscillation probability within the
solar resonance region by using the expansion of the
eigenvalues in sin2 θ13 and above the solar resonance
region by using the expansion of the eigenvalues in
α.
A. Quantities ∆ˆ¯E0[ℓ] and r[ℓ]
In this section, we define the energy differences
∆ ˆ¯E0[ℓ] and ∆
ˆ¯E1[ℓ],
∆ ˆ¯En[1] =
ˆ¯En,3 − ˆ¯En,2
∆ˆ¯En[2] =
ˆ¯En,3 − ˆ¯En,1
∆ˆ¯En[3] =
ˆ¯En,2 − ˆ¯En,2 . (1)
For n = 0, ˆ¯En,ℓ is the first term of a Taylor expan-
sion in α of the ξ-expanded eigenvalues ˆ¯Eℓ, and for
n = 1 ˆ¯En,ℓ is the second term of the Taylor expan-
sion.
We then define from these ∆ ˆ¯E0[ℓ] and ∆
ˆ¯E1[ℓ] the
quantities ∆ ˆ¯E[ℓ] and r[ℓ],
∆ ˆ¯E[ℓ] ≡ ∆ˆ¯E0[ℓ] + ∆ ˆ¯E1[ℓ]
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= ∆ˆ¯E0[ℓ](1 + r[ℓ]) , (2)
where, clearly,
r[ℓ] ≡ ∆ˆ¯E1[ℓ]/∆ˆ¯E0[ℓ] . (3)
The quantities ∆ ˆ¯E0[ℓ] and r[ℓ] are of course different
above and below the solar resonance region.
Because r[ℓ] is small parameter, we may consider
simplifying the oscillation probability by expanding
pieces of it in r[ℓ]. The quantities we have in mind
are the Bessel function, j20(∆ˆ[ℓ]) and Dˆ,
Dˆ ≡ ∆ˆ¯E[1]∆ ˆ¯E[2]∆ ˆ¯E[3] . (4)
B. Quantities ∆ˆ¯E0[ℓ] and r[ℓ] within the Solar
Resonance Region
As discussed, there are advantages to splitting the
solar resonance region into two sub-regions. One of
these is the deep solar resonance region, Aˆ < α, and
the other is the far solar resonance region, Aˆ > α.
1. ξ = sin2 θ13 , Aˆ < α
For Aˆ < α, we find the following expressions for
∆ ˆ¯E0[ℓ],
(a) ∆ ˆ¯E0[1] = 1− α
2
(1 +Rs + CT )
(b) ∆ ˆ¯E0[2] = 1− α
2
(1 +Rs − CT )
(c) ∆ ˆ¯E0[3] = αCT (5)
The corresponding parameters r[ℓ], defined in
Eq. (3), are
(a) r[1] = α2
RpRs(2 +Rs)
(1 − αRs)(2 − α(1 +Rs + CT ))
(b) r[2] = α2
RpRs(4−Rs)
(1 − αRs)(2 − α(1 +Rs − CT ))
(c) r[3] = α
RpRs(1−Rs)
CT (1− αRs) . (6)
2. ξ = sin2 θ13, Aˆ > α
For Aˆ > α, we find,
(a) ∆ ˆ¯E0[1] = 1− α
2Rs
(1 +Rs + CT )
(b) ∆ ˆ¯E0[2] = 1− α
2Rs
(1 +Rs − CT )
(c) ∆ ˆ¯E0[3] =
α
Rs
CT (7)
and
(a) r[1] = −α2 3RsRp
(α−Rs)(2Rs − α(1 +Rs + CT ))
(b) r[2] = −α2 3RsRp
(α−Rs)(2Rs − α(1 +Rs − CT ))
(c) r[3] = 0 . (8)
C. Expressions for ∆ˆ¯E0[ℓ] and r[ℓ] Above the
Solar Resonance Region
For the α-expanded eigenvalues, we find,
(a) ∆ ˆ¯E0[1] = Cˆα
(b) ∆ ˆ¯E0[2] =
1
2
(1 + Aˆ+ Cˆα)
(c) ∆ ˆ¯E0[3] =
1
2
(1 + Aˆ− Cˆα) (9)
and
(a) r[1] = −αs
2
12
Cˆ2α
(1− Aˆ)
(b) r[2] = −α s
2
12(1 − Aˆ)− Cˆα(1 − 3c212)
(1− Aˆ)2 + Cˆα(1− Aˆ) + 4αAˆRp
(c) r[3] = −α
× s
2
12(1 − Aˆ) + Cˆα(1 − 3c212)
(1− Aˆ)2 − Cˆα(1− Aˆ) + 4αAˆRp
. (10)
V. OBSERVABLE NEUTRINO
OSCILLATION PROBABILITIES
In Appendix A, the full neutrino oscillation prob-
ability, P(νa → νb), is expressed as the sum of two
observable oscillation probabilities. One of these,
P absin δ, is anti-symmetric under the exchange a ↔ b
and the other, which we call P+eµ(∆L, Aˆ), is sym-
metric. The anti-symmetric observable given in
Eq. (A1) is proportional to sin θcp, where δcp is the
CP violating phase. The exact expression for this
quantity is sufficiently simple that it requires no fur-
ther simplification. However, the analytic expres-
sion for P+eµ(∆L, Aˆ) is rather complicated, and its
simplification is the subject of this paper. These
P+eµ(∆L, Aˆ) have been simplified by region as ex-
plained in Sect. IV. In this Appendix we summarize
our findings.
22
A. Regions of Aˆ
The oscillation probability P+eµ(∆L, Aˆ) will be
given separately for 0 < Aˆ < 0.1, which we refer to
as the solar resonance region, and the region Aˆ >
0.1. Each of these regions is subdivided into various
intervals.
The oscillation probability P+eµ(∆L, Aˆ) takes
quite different forms depending upon the interval of
Aˆ considered. The most complicated expressions for
our simplified P+eµ(∆L, Aˆ) are those describing the
lower transition region.
B. Effective P abcosδ(∆L, Aˆ), P
ab
cos2δ(∆L, Aˆ), and
P ab0 (∆L, Aˆ)
As discussed in Sect. IVA3, “effective”
partial oscillation probabilities P abcosδ(∆L, Aˆ),
P abcos2δ(∆L, Aˆ), and P
ab
0 (∆L, Aˆ) may be defined
from P+eµ(∆L, Aˆ). The effective partial oscillation
probability P abcosδ(∆L, Aˆ) represents the dependence
of P+ab(∆L, Aˆ) on δcp; the effective partial os-
cillation probability P ab
cos2δ
(∆L, Aˆ) represents its
dependence on δ2cp; and, the‘effective P
ab
0 (∆L, Aˆ)
its terms independent of δcp.
These effective partial oscillation determine, in
turn, effective ˆ¯w
eµ
i [ℓ]. The expressions for the effec-
tive ˆ¯w
eµ
i [ℓ] are much simpler than the full ˆ¯w
eµ
i [ℓ], as
is the case for the Bessel functions. Note, however,
that neither the effective partial oscillation proba-
bilities nor the effective ˆ¯w
eµ
i [ℓ] are guaranteed to be
the simplest to O(α2).
As we will see, two exceptional cases, described in
Sect. IVA3, apply to both regions of Aˆ.
VI. SUMMARY OF SIMPLIFIED
OSCILLATION PROBABILITIES
In this section, we give the simplified ana-
lytic expressions for the effective partial oscilla-
tion probabilities P abcosδ(∆L, Aˆ), P
ab
cos2δ
(∆L, Aˆ), and
P ab0 (∆L, Aˆ) and the effective ˆ¯w
eµ
i [ℓ]. Results are pre-
sented by region.
A. Solar Resonance Region, 0 < Aˆ < 0.1
The solar resonance region consists of the deep solar resonance region, 0 < Aˆ < α, and the far solar
resonance region, α < Aˆ < 0.1. Within this region, our simplified oscillation probability symmetric in a↔ b
is of the form,
P+ab(∆L, Aˆ) = −4∆
2
L
ˆ¯D
∑
i,ℓ
(−1)ℓ ˆ¯wabi [ℓ]j20(∆L∆ˆ¯E[ℓ]) , (1)
where the sum runs over i = (0, cos). Within the solar resonance region, we find it sufficient to retain only
the first leading term of eigenvalue difference, i .e., ∆ ˆ¯E[ℓ] = ∆ ˆ¯E0[ℓ], where ∆
ˆ¯E0[ℓ] is given in Appendix IVB.
1. Deep Solar Resonance Region, 0 < Aˆ < α
The expressions we find for the effective ˆ¯w
eµ
i [ℓ] within the deep solar resonance region are given in Table II
We also give the eigenvalue difference ∆ ˆ¯E0[ℓ].
2. Far Solar Resonance Region, α < Aˆ < 0.1
Expressions for effective values of ˆ¯w
eµ
i [ℓ] within the far solar resonance region are given in Table III. The
coefficients AA, KC , and K0 appearing in Table III are defined as follows,
AA ≡ −1− 3α+ αRp +Rs cos 2θ12 + 10αs212
23
TABLE II. Deep Solar
Quantity ℓ = 1 ℓ = 2 ℓ = 3
ˆ¯w
eµ
0 [ℓ] K0(2s
2
12 +Rs) K0(c
2
12 −Rs) 0
ˆ¯w
eµ
cos[ℓ] −KC(1− α(3 +Rp + 4Rs)) − ˆ¯w
eµ
cos[1] 0
∆ ˆ¯E0[ℓ] Eq. (5) (a) Eq. (5) (b) Eq. (5) (c)
KC ≡ − cos δcp
α
√
αRp
2(α−Rs)3 s12c12
K0 ≡ α
2
2(α−Rs)3Rs . (2)
TABLE III. ˆ¯w
eµ
cos[ℓ]: Far Solar
Quantity ℓ = 1 ℓ = 2 ℓ = 3
ˆ¯w
eµ
cos[ℓ]/KC Rs(Rs − 2α)2 − ˆ¯w
eµ
cos[1]/KC α
2(RsCT (1−Rs cos 2θ12)− α(3 +RsRp))
ˆ¯w
eµ
0 [ℓ]/K0 RsRps
2
23(AA+ CT ) −Rps223(8α+Rs(AA− CT + 2αRp) αs212c212(Rsc223CT − 4αc223)
∆ ˆ¯E0[ℓ] Eq. (7) (a) Eq. (7) (b) Eq. (7) (c)
B. Above Solar Resonance Region, Aˆ > 0.1
The regions with Aˆ > 0.1 consist of the lower transition region, 0.1 < Aˆ < 0.35; the upper transition
region, 0.35 < Aˆ < Aˆ2; the atmospheric resonance region, Aˆ2 < Aˆ < 1.2; and, the asymptotic region.
Aˆ > 1.2. Within all these regions, we find it necessary to retain both the first and the second leading terms
of the eigenvalue differences, i .e., ∆ ˆ¯E[ℓ] = ∆ ˆ¯E0[ℓ](1 + r[ℓ]).
In all regions above the solar resonance region, except for the lower transition region, our simplified
oscillation probability P+ab(∆L, Aˆ) has the same form with just one component,
P+ab(∆L, Aˆ) =
4∆2L
ˆ¯D
( ˆ¯w
ab
0 [1] +D ˆ¯w
eµ
0 [1])j
2
0(∆L∆
ˆ¯E[1]) . (3)
The coefficient ˆ¯w
eµ
0 [1] is given in Table VII and D ˆ¯w
eµ
0 [1],
D ˆ¯w
eµ
0 [1] =
2α2R2p
Cˆα
s223(3c
2
12 + 4Rp) , (4)
is a correction required for accuracy in the atmospheric resonance region.
The Bessel function in Eq. (7) simplified by using its expanded representation given in Eq. (17) below and
taking ∆ ˆ¯E[1] from Table VII. We find,
P+ab(∆L, Aˆ) =
4∆2L
ˆ¯D
(( ˆ¯w
ab
0 [1] +D ˆ¯w
eµ
0 [1])j
2
0(∆LCˆα) + 2r[ℓ] ˆ¯w
ab
0 [1](j0(2∆LCˆα)− j20(∆LCˆα))) , (5)
24
where the term r[ℓ]D ˆ¯w
eµ
0 [1] has been dropped because it is of order α
3 and therefore quite small. The
short-hand notation A˜ ≡ 1− Aˆ is used in Table VII and below for the frequently occurring quantity 1− Aˆ.
1. The Lower Transition Region
Within the lower transition region, our simplified oscillation probability symmetric under a ↔ b consists
of two pieces P+ab(∆L, Aˆ) and δP
+ab(∆L, Aˆ), where P
+ab(∆L, Aˆ) is given in Eq. (1), and δP
+ab(∆L, Aˆ) is,
δP+ab(∆L, Aˆ) = −4∆
2
L
ˆ¯D
∑
i,ℓ
(−1)ℓδ ˆ¯wabi [ℓ]j20(∆L∆ˆ¯E[ℓ]) , (6)
TABLE IV. Effective δ ˆ¯w
eµ
0 [ℓ]/K
0
1,2, Lower Transition. K
0
1,2[ℓ] is given inTable VI.
Quantity ℓ = 1 ℓ = 2 ℓ = 3
δ ˆ¯w
eµ
0 [ℓ]/K
0
1,2 −4αRps223A˜(2(c212 −Rp)− A˜(1 + s212 + 2Rp)) 0 2αA˜Aˆc212c223s212
TABLE V. Effective δ ˆ¯w
eµ
cos[ℓ]/K
c
1,2 Lower Transition K
c
1,2[ℓ] is given inTable VI.
δ ˆ¯w
eµ
cos[ℓ]/K
c
1,2
ℓ = 1 1− α(1 + 2s212 +Rp)− 2Aˆ(1− α(1 + 2s212 +Rp)) + Aˆ2(1− α(1 + 3Rp))
ℓ = 2 − 1
A˜2
(1− α(1 + 2c212 +Rp) + Aˆ(2− α(1 + 2c212 + 9Rp)) + Aˆ2(1− α(1 + 2c212 + 3Rp)) + αRpAˆ3)
ℓ = 3 − 1
A˜2
(1− Cˆα − Aˆ(2− Cˆα + α(2− 4c212 −Rp)) + αAˆ2(5− 8c212 + 3Rp)) + Aˆ3(2− α(4s212 + 9Rp))Aˆ4(1− α(1 +Rp))
TABLE VI. Definitions of K01,2[ℓ] (Table IV) and K
c
1,2[ℓ] (Table V)
Quantity ℓ = 1 ℓ = 2 ℓ = 3
Kc1,2[ℓ] αc12s12
√
αRp/2 αc12s12
√
αRp/2 αc12s12
√
αRp/2
K01,2[ℓ] αRps
2
23/A˜ αRps
2
23/A˜ αRps
2
23/A˜
with δ ˆ¯w
eµ
0 [ℓ] given in Table IV and δ ˆ¯w
eµ
cos[ℓ] in Table V. In Eq. (6), the sum over i runs over the two values
(0, cos). Note that the effective δ ˆ¯w
eµ
0 [1] = 0.
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TABLE VII. ˆ¯w
eµ
0 [ℓ] and ∆
ˆ¯E[ℓ] = ∆ ˆ¯E0[ℓ](1 + r[ℓ]) Above Solar
Quantity ℓ = 1 ℓ = 2 ℓ = 3
ˆ¯w
eµ
0 [ℓ] −αRpCˆα s
2
23(AˆA˜
2 + α(4Rp − A˜(s212 + 8Rp))) +D ˆ¯w
eµ
0 [1] 0 0
∆ ˆ¯E0[ℓ] Eq (9) (a) Eq (9) (b) Eq (9) (c)
r[ℓ] Eq (10) (a) Eq (10) (b) Eq (10) (b)
2. Above the Lower Transition Region
In all regions above the lower transition region, our simplified oscillation probability P+ab(∆L, Aˆ) has just
one component,
P+ab(∆L, Aˆ) =
4∆2L
ˆ¯D
( ˆ¯w
ab
0 [1] +D ˆ¯w
eµ
0 [1])j
2
0(∆L∆
ˆ¯E[1]) , (7)
where the coefficient ˆ¯w
eµ
0 [1] is given in Table VII and the quantity D ˆ¯w
eµ
0 [1],
D ˆ¯w
eµ
0 [1] =
2α2R2p
Cˆα
s223(3c
2
12 + 4Rp) , (8)
is a correction required for accuracy in the atmospheric resonance region. The Bessel function in Eq. (7)
simplified by using its expanded representation given in Eq. (17) below and taking ∆ ˆ¯E[1] from Table VII.
We find,
P+ab(∆L, Aˆ) =
4∆2L
ˆ¯D
(( ˆ¯w
ab
0 [1] +D ˆ¯w
eµ
0 [1])j
2
0(∆LCˆα) + 2r[ℓ] ˆ¯w
ab
0 [1](j0(2∆LCˆα)− j20(∆LCˆα))) , (9)
where the term r[ℓ]D ˆ¯w
eµ
0 [1] has been dropped because it is of order α
3 and therefore quite small. The
short-hand notation A˜ ≡ 1− Aˆ is used in Table VII and below for the frequently occurring quantity 1− Aˆ.
C. Simplifying j20(∆L∆
ˆ¯E[ℓ])
The Bessel functions,
j0(∆ˆ[ℓ]) ≡ j0(∆L∆ˆ¯E[ℓ]) (10)
may be simplified when ∆ ˆ¯E[ℓ] consists of two leading terms,
∆ ˆ¯E[ℓ] = ∆ ˆ¯E0[ℓ](1 + r[ℓ]) , (11)
as it does above the solar resonance region, and, in addition, ∆Lr[ℓ]∆
ˆ¯E0[ℓ] << 1. In this case, the trigono-
metric identity,
sin∆L(∆
ˆ¯E0[ℓ] + r[ℓ]∆
ˆ¯E0[ℓ])
= sin∆L∆
ˆ¯E0[ℓ] cos∆Lr[ℓ]∆
ˆ¯E0[ℓ]
+ cos∆L∆
ˆ¯E0[ℓ] sin∆Lr[ℓ]∆
ˆ¯E0[ℓ] , (12)
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and the approximations,
cos∆Lr[ℓ]∆
ˆ¯E0[ℓ] ≈ 1
sin∆Lr[ℓ]∆
ˆ¯E0[ℓ] ≈ ∆Lr[ℓ]∆ ˆ¯E0[ℓ] , (13)
allow us to write,
j0(∆L∆
ˆ¯E[ℓ]) =
1
1 + r[ℓ]
j0(∆L∆
ˆ¯E0[ℓ])
+
r[ℓ]
1 + r[ℓ]
cos∆L∆
ˆ¯E0[ℓ] . (14)
In Eq. (14),
j0(∆L∆
ˆ¯E0[ℓ]) ≡ sin∆L∆
ˆ¯E0[ℓ]
∆L∆
ˆ¯E0[ℓ]
. (15)
Squaring Eq. (14) and retaining the first two leading terms, we find
j20(∆L∆
ˆ¯E[ℓ]) =
1
(1 + r[ℓ])2
j20(∆L∆
ˆ¯E0[ℓ]) +
2r[ℓ]
(1 + r[ℓ])2
j0(∆L∆
ˆ¯E0[ℓ]) cos∆L∆
ˆ¯E0[ℓ] . (16)
The Bessel function may be simplified by expanding it to first order in r[1],
j20(∆L∆
ˆ¯E[ℓ]) = j20(∆L∆
ˆ¯E0[ℓ])(1 − 2r[ℓ]) + 2r[ℓ]j0(2∆L∆ˆ¯E0[ℓ])
= j20(∆L∆
ˆ¯E0[ℓ]) + 2r[ℓ](j0(2∆L∆
ˆ¯E0[ℓ]− j20(∆L∆ˆ¯E0[ℓ])) . (17)
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